
On the classical Yang - Baxter equation for Clifford sequences

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1997 J. Phys. A: Math. Gen. 30 1679

(http://iopscience.iop.org/0305-4470/30/5/027)

Download details:

IP Address: 171.66.16.112

The article was downloaded on 02/06/2010 at 06:13

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/30/5
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A: Math. Gen.30 (1997) 1679–1684. Printed in the UK PII: S0305-4470(97)78713-4

On the classical Yang–Baxter equation for Clifford
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Abstract. We first consider a vector spaceV , the endomorphism ringEnd(V ) and a
multiplicative pre-Poisson structure onEnd(V ). We describe a procedure of induction
of multiplicative pre-Poisson structures onEnd(End(V )), End(End(End(V ))), . . . using
Grassmann variables.

Secondly, we show that these induced structures satisfy the Jacobi identity if and only if
End(V ) carries a triangular Poisson structure. Therefore we obtain an obstruction for the Jacobi
identity onGL(n2) for the standard multiplicative Poisson structure onGL(n).

Non-commutative geometry can be viewed as the quantum deformation of an increasing set
of mathematical objects and theories. In the quasi-classical limit we have the corresponding
problem of the classification of Poisson structures. Classification problems of quantum
groups have their analogue in the classification of multiplicative Poisson structures on Lie
groups. Complete classifications are difficult and are achieved only in very few cases. For
example, given Poisson structures onV and∧1(V ), no general rule is known for deciding
if the induced multiplicative pre-Poisson structure onEnd(V ) is a Poisson structure (i.e.
satisfies the Jacobi-Identity). However, our main result shows that there is such a rule for all
following members of the corresponding Clifford sequence (see below). As a consequence
we also obtain a new class of triangular multiplicative Poisson structures for the Lie groups
GL(n2).

More exactly, consider the following problem for Poisson vector spaces and Poisson
matrix groups.

Start with ann-dimensional Poisson vector spaceV with coordinatesx1, . . . , xn and its
dual∧1(V ) with anticommuting coordinatesξ1, . . . , ξn. These induce pre-Poisson structures
on End(V ) and its dual∧1(End(V )). Now view the matrix elements ofEnd(V ) and
∧1(End(V )) as constituting the coordinates of a dual pair ofn2-dimensional Poisson vector
spaces. These will induce Poisson brackets onEnd(End(V )). Using the terminology of
Corriganet al [1] we use for the sequenceV (1) := V , V (i+1) := End(V (i)), i > 1, the
notion Clifford sequence ofV . The above process will generate Poisson brackets on all
V (i).

It is well known that if the Jacobi identities are satisfied onV (1) and ∧1(V (1)) this
will no longer be true forV (2) = End(V ). In [2, p L511] Kupershmidt states that no
non-trival example is known where the Jacobi idendity is satisfied on bothV (2) = End(V )
andV (3) = End(End(V )).
† E-mail address: leitenb@husc.harvard.edu
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We will show here that the Jacobi identity onV (2) will induce the Jacobi identity onV (3)

and therefore on allV (i), i > 3 if and only if the Poisson structure is triangular. Therfore
even the standard Poisson structure onGL(n) will not induce the Jacobi identity onV (3).

The quantum analogue of this problem forn = 2 was suggested by Corriganet al in
[1, p 779]. I thank Professor B A Kupershmidt for giving me this problem.

Let us start with the n-dimensional vector spaceV with coordinatesx1, . . . , xn and with
the quadratic skewsymmetric bracket

{xi, xj } = cklij xkxl cklij = −cklj i = clkij . (1)

Consider a dual space∧1(V ) with anticommuting generatorsξi and the quadratic symmetric
bracket

{ξi, ξj } = dklij ξkξl dklij = dklji = −dlkij . (2)

Then there is a unique Poisson structure onEnd(V ):

{Mk
i ,M

l
j } = rmnij Mk

mM
l
n − rklmnMm

i M
n
j rklij = cklij + dklij (3)

such that the actions ofEnd(V ) on V and∧1(V ) are Poisson actions.
ConsideringEnd(V ) as ann2-dimensional vector space we can write

{Mk
i ,M

l
j } = C

m
p
n
q

i
k
j
l

Mm
p M

n
q (4)

where

C
m
p
n
q

i
k
j
l

= δmnkl r
pq

ij + δmnlk rqpij − δijpqrklmn − δjipqrklnm
2

. (5)

Following the idea of Corriganet al the canonical brackets on∧1(End(V )) are
determined by the condition that the actions

∧1(End(V ))×∧1(V )→ V ∧1 (End(V ))× V → ∧1(V ) (6)

are Poisson. Setting

x ′i =
∑
j

8
j

i ⊗ ξj ξ ′i =
∑
j

8
j

i ⊗ xj (7)

and requiring that

{x ′i , x ′j }⊗ =
∑

cklij x
′
kx
′
l {ξ ′i , ξ ′j }⊗ =

∑
dklij ξ

′
kξ
′
l (8)

({ , }⊗ denotes the Poisson structure of the direct product on∧1(End(V )) × ∧1(V ) and
∧1(End(V ))× V , respectively), we obtain

{ξ ′i , ξ ′j }⊗ =
{∑

k

8k
i ⊗ xk,

∑
l

8l
j ⊗ xl

}
⊗

=
∑
kl

{8k
i ,8

l
j } ⊗ xkxl +

∑
kl

8k
i 8

l
j ⊗

∑
mn

cmnkl xmxn

=
∑
mn

dmnij ξ
′
mξ
′
n =

∑
mn

dmnij

∑
kl

8k
m8

l
n ⊗ xkxl (9)

i.e.

{8k
i ,8

l
j } + {8l

i,8
k
j } = −2

∑
mn

cklmn8
m
i 8

n
j + 2

∑
mn

dmnij 8
k
m8

l
n. (10)
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Furthermore

{x ′i , x ′j }⊗ =
{∑

k

8k
i ⊗ ξk,

∑
l

8l
j ⊗ ξl

}
⊗

=
∑
kl

{8k
i ,8

l
j } ⊗ ξkξl +

∑
kl

8k
i 8

l
j ⊗

∑
mn

dmnkl ξmξn

=
∑
mn

cmnij x
′
mx
′
n =

∑
mn

cmnij

∑
kl

8k
m8

l
n ⊗ ξkξl (11)

i.e.

{8k
i ,8

l
j } − {8l

i,8
k
j } = −2

∑
mn

dklmn8
m
i 8

n
j +

∑
mn

cmnij
(
8k
m8

l
n +8l

m8
k
n

)
= −2

∑
mn

dklmn8
m
i 8

n
j + 2

∑
mn

cmnij 8
k
m8

l
n. (12)

Adding equations (10) and (12) we obtain

{8k
i ,8

l
j } = rmnij 8k

m8
l
n − rklmn8m

i 8
n
j rklij = cklij + dklij . (13)

Considering∧1(End(V )) as ann2-dimensional vector space we can write

{8k
i ,8

l
j } = D

m
p
n
q

i
k
j
l

8m
p 8

n
q. (14)

where

D
m
p
n
q

i
k
j
l

= δmnkl r
pq

ij − δmnlk rqpij − δijpqrklmn + δjipqrklnm
2

. (15)

Remark. There is another canonical way to define a dual Poisson bracket. Consider the
Poisson spaceV, {. , .}. Then the dual structure in the sense of [3] is given by

{ξi, ξj } = −cijklξkξl . (16)

According to (3) equations (5) and (15) result in the followingr-matrix for the matrix
elements ofEnd(End(V )):

R
m
p
n
q

i
k
j
l

= δmnkl rpqij − δijpqrklmn. (17)

The Jacobi identity forEnd(V ) is equivalent to the modified classical Yang–Baxter
equation (MCYBE), cf [4]. Let{ei} be a base ofV , {ei} be the dual base ofV ′ and
{eij = ej ⊗ ei} be a base ofEnd(V ) = V ⊗ V ′. We define

C(r) =
∑
ijklmn

C(r)lmnijk e
i
l ⊗ ejm ⊗ ekn

:=
∑
ijklmn

(
rsnjk r

lm
is − rlsij rmnsk + rslki rmnjs − rmsjk rnlsi + rsmij rnlks − rnski r lmsj

)
eil ⊗ ejm ⊗ ekn

or in short notation

C(r)lmnijk =
(
rsnjk r

lm
is − rlsij rmnsk + CP

)
. (18)

We have

C(r)
mnp

ijk = C(r)npmjki = C(r)pmnkij . (19)
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The MCYBE is given by

adxC(r) = 0 ∀ x ∈ End(V ). (20)

If we have evenC(r) = 0, we sayr is triangular (cf [4]).
On V (3) we have

C(R)
d
l
e
m
f
n

i
a
j
b
k
c

= R
t
s
f
n

j
b
k
c

R
d
l
e
m

i
a
s
t

− R
d
l
t
s

i
a
j
b

R
e
m
f
n

s
t
k
c

+ CP. (21)

Inserting (17), the right-hand side of (21) becomes

δ
def

abc

(
rsnjk r

lm
is − rlsij rmnsk + CP

)+ δijklmn (rbctf ratde − rabdt r tcef + CP
)

+
(
−δndka rbcef rlmij − δf lci rmnjk rabde + δf lci rabde rmnjk + δdnak rlmij rbcef + CP

)
(22)

the last four terms+CP cancel, i.e.

C(R)
d
l
e
m
f
n

i
a
j
b
k
c

= δdefabc C(r)lmnijk − δijklmnC(r)abcdef . (23)

Theorem. The MCYBE forR on V (3) is satisfied if and only ifr is triangular.

Proof. (i) C(r) = 0 is sufficient because of (20) and (23). (ii) Now we show thatC(r) = 0
is necessary. The MCYBE onV (3) reduces to the vanishing of

ad

(
e
A
I
L
D

) ∑
abcdef
ijklmn

C(R)
d
l
e
m
f
n

i
a
j
b
k
c

e
a
i
l
d

⊗ e
b
j
m
e
⊗ e

c
k
n
f

= ad
(
e
A
I
L
D

) ∑
abcdef
ijklmn

(
δ
def

abc C(r)
lmn
ijk − δijklmnC(r)abcdef

)
e
a
i
l
d

⊗ e
b
j
m
e
⊗ e

c
k
n
f

(24)

where

e
i
j

k
l

:= ek ⊗ el ⊗ ej ⊗ ei ∈ End(End(V )) ∼= End(V )⊗ End(V )′ ∼= V ⊗ V ′ ⊗ V ′ ⊗ V .
With

ad

(
e
A
I
L
D

)
e
a
i
l
d

= δIAld e
a
i
L
D

− δiaLDe
A
I
l
d

(25)

we obtain the equation∑
abcef
ijkmn

(
δ
Aef

abc C(r)
Imn
ijk − δijkImnC(r)abcAef

)
e
a
i
L
D

⊗ e
b
j
m
e
⊗ e

c
k
n
f

−
∑
bcdef
jklmn

(
δ
def

DbcC(r)
lmn
Ljk − δLjklmnC(r)

Dbc
def

)
e
A
I
l
d

⊗ e
b
j
m
e
⊗ e

c
k
n
f

+
∑
abcdf
ijkln

(
δ
dAf

abc C(r)
lIn
ijk − δijklInC(r)abcdAf

)
e
a
i
l
d

⊗ e
b
j

L
D

⊗ e
c
k
n
f

−
∑
acdef
iklmn

(
δ
def

aDcC(r)
lmn
iLk − δiLklmnC(r)

aDc
def

)
e
a
i
l
d

⊗ e
A
I
m
e
⊗ e

c
k
n
f



CYBE for Clifford sequences 1683

+
∑
abcde
ijklm

(
δdeAabc C(r)

lmI
ijk − δijklmIC(r)abcdeA

)
e
a
i
l
d

⊗ e
b
j
m
e
⊗ e

c
k
L
D

−
∑
abdef
ij lmn

(
δ
def

abDC(r)
lmn
ijL − δijLlmnC(r)abDdef

)
e
a
i
l
d

⊗ e
b
j
m
e
⊗ e

A
I
n
f
= 0. (26)

Now consider the coefficient at the base vector

e
A
i
L
D

⊗ e
b
j
m
b
⊗ e

c
k
n
c
.

For i 6= I ; b, c 6= A; b, c 6= D this coeffient is equal toC(r)Imnijk , i.e.

C(r)lmnijk = 0 if i 6= l. (27)

Because of (19) it follows that

C(r)lmnijk = 0 for (i, j, k) 6= (l, m, n). (28)

From equation (28) it follows that for the MCYBE∑
bcjk

(
C(r)

Ijk

Ijk − C(r)LjkLjk − C(r)AbcAbc + C(r)DbcDbc

)
e
A
I
L
D

⊗ e
b
j

j
b

⊗ e
c
k
k
c

+
∑
acik

(
C(r)iIkiIk − C(r)iLkiLk − C(r)aAcaAc + C(r)aDcaDc

)
e
a
i
i
a

⊗ e
A
I
L
D

⊗ e
c
k
k
c

+
∑
abij

(
C(r)

ijI

ijI − C(r)ijLijL − C(r)abAabA + C(r)abDabD

)
e
a
i
i
a

⊗ e
b
j

j
b

⊗ e
A
I
L
D

= 0. (29)

Now consider the coefficient at the base vector

e
A
I
L
A

⊗ e
b
j

j
b

⊗ e
c
k
k
c

.

For b, c 6= A this coefficient is equal toC(r)IjkIjk − C(r)LjkLjk. Therefore, because of (19),
all coefficientsC(r)ijkijk are equal. On the other hand, from equation (18) it follows that
C(r)iiiiii = 0. We conclude that

C(r)
ijk

ijk = 0 ∀ i, j, k. (30)

Equations (28) and (30) implyC(r) = 0. �
Example. (i) In the case of the standard multiplictive Poisson structure

rklij = δlkij sgn(i − j) (31)

we obtain

C(r)
mnp

ijk = δnpmijk

(
sgn(j − k) sgn(i − k)+ sgn(k − i) sgn(j − i)

+ sgn(i − j) sgn(k − j))− δpmnijk

(
sgn(i − j) sgn(i − k)

+ sgn(j − k) sgn(j − i)+ sgn(k − i) sgn(k − j)) (32)

i.e.

C(r)211
112= 1 6= 0 (33)
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and therefore we have no Jacobi identity for the induced structure onV (3).
(ii) The r-matrices

rklij = δklij 8ij (34)

are triangular and induce triangular Poisson structures on allV (i), i > 3.

References

[1] Corrigan E, Fairlie D B and Fletcher P 1990J. Math. Phys.31 776
[2] Kupershmidt B A 1994 J. Phys. A: Math. Gen.27 L507
[3] Drinfeld V G 1986Mathematical Physics and Functional Analysis(Kiev: Naukovo Dumka) pp 25–33
[4] Drinfeld V G 1986Proc. Int. Congr. Mathematicians (Berkeley, CA)(Providence, RI: American Mathematical

Society) pp 798–820


